We investigate the possibility to multiplexing (Mux) and demultiplexing (de-Mux) numerically digital holograms (DHs) with the aim of optimizing their storage and/or transmission process. The DHs are multiplexed and demultiplexed thanks to the unique property of the digital holography to numerically manage the complex wavefields. We show that it is possible to retrieve correctly quantitative information about the amplitude and phase of one hundred DHs. This result can be useful to transmit efficiently, in terms of reduced amount of data, the DHs from the recording head to a remote display unit. . A pulsed digital microholographic system with spatial angular Mux for recording ultrafast processes of the femtosecond order is demonstrated with the aim to study the dynamics of the laser-induced ionization of air [4] . Mux has also found useful applications in multiwavelength DHs in order to address the issue of 3D imaging in full colors or to desensitize the interferometric gauge by an higher synthetic wavelength [5, 6] . In all the mentioned approaches, spatial Mux of DHs is obtained by recording simultaneously more than one fringe pattern on the same CCD. All the holograms are superimposed in one composite CCD frame, and each of them can be independently reconstructed through a digital spatial filtering if the image bandwidth of each hologram is sufficiently low. Demultiplexing (de-Mux) is obtained as follows. Each individual hologram is filtered out by performing the digital Fourier transform (FT) of the multiplexed hologram. The filtering in Fourier spectral domain is done by selecting a passband corresponding to the desired hologram. Then the inverse FT on the filtered result is computed with the aim of obtaining a separate DH for each of the multiplexed signals. The size of the object spectrum in the Fourier plane determines how many DHs can be efficiently multiplexed. Up to three DHs have been multiplexed without decreasing the spatial resolution, that is, using all the aperture of the CCD array [1,3-5].
Multiplexing digital holograms (DHs) means encoding two or more holograms in a single one by optical or numerical techniques. Multiplexing (Mux) recording of DHs has been proved for the measurement of some object properties, as the state of polarization, dynamical phenomena, or three-dimensional (3D) mechanical deformations by a single image acquisition [1, 2] . Other applications of Mux techniques in holography regard the investigation of ultrafast events [3] . A pulsed digital microholographic system with spatial angular Mux for recording ultrafast processes of the femtosecond order is demonstrated with the aim to study the dynamics of the laser-induced ionization of air [4] . Mux has also found useful applications in multiwavelength DHs in order to address the issue of 3D imaging in full colors or to desensitize the interferometric gauge by an higher synthetic wavelength [5, 6] .
In all the mentioned approaches, spatial Mux of DHs is obtained by recording simultaneously more than one fringe pattern on the same CCD. All the holograms are superimposed in one composite CCD frame, and each of them can be independently reconstructed through a digital spatial filtering if the image bandwidth of each hologram is sufficiently low. Demultiplexing (de-Mux) is obtained as follows. Each individual hologram is filtered out by performing the digital Fourier transform (FT) of the multiplexed hologram. The filtering in Fourier spectral domain is done by selecting a passband corresponding to the desired hologram. Then the inverse FT on the filtered result is computed with the aim of obtaining a separate DH for each of the multiplexed signals. The size of the object spectrum in the Fourier plane determines how many DHs can be efficiently multiplexed. Up to three DHs have been multiplexed without decreasing the spatial resolution, that is, using all the aperture of the CCD array [1, [3] [4] [5] .
Nonetheless, it is simple to understand that the bandwidth of each single hologram depends on the optical configuration adopted for its recording. Two common types of holograms exist: image-plane holograms and Fresnel holograms. With image-plane holograms an objective lens is used to precondition the object wave, whereas with Fresnel holography the object field propagates in free space until it reaches the sensor. The space-bandwidth product (SBP) for image-plane holograms is inversely proportional to the focal length of the lens and proportional to the object magnification [7] . Therefore, if we use lenses with short focal length to obtain large magnification, the hologram SBP is such that no more than two holograms can be separated in the Fourier plane and, therefore, optically multiplexed.
To overcome this problem, we propose a novel approach to numerically Mux/de-Mux DHs recorded in the microscopic configuration. Exploiting the unique capability of a DH to numerically manage the complex wavefronts, we reconstruct the object wave field at an intermediate plane, that is, the back focal plane (BFP) of the imaging lens. In this plane the complexvalue array, corresponding to the object wavefield, is proportional to the FT of the wave complex amplitude at an input plane. Therefore, we obtain only the spectrum of the object wave field, removing the contribution of the carrier frequencies (that is, the chirped-phase factor coming from the interference between the plane reference beam and the curvature of the object beam introduced by the microscope objective). Then, the complex-value arrays are stitched in order to encode up to 100 DHs in a single computer-generated hologram (512ϫ 512 complexvalue matrix). This kind of complex hologram is useful also in the de-Mux procedure. In fact, it is easier to separate the spectra of multiplexed holograms in respect to the standard method, that is, performing the digital FT of the hologram.
This technique can be thought of as twodimensional (2D) frequency-division Mux (FDM) [8] . FDM is a widely used form of signal Mux where multiple baseband signals are modulated on differentfrequency carrier waves and added together to create a composite signal. Our method can be considered the spatial analog of the FDM technique. In fact, a spectral shift, that is a spatial carrier frequency, is applied to each object spectrum. Then all the spectra are added together to create a composite complex hologram. This technique could be useful to optimize the transmission of DHs from the recording head and the display unit being in separate locations (i.e., experiments performed in such environments as the International Space Station or submarines [9, 10] ). Some efforts have been already made to provide algorithms to efficiently compress holograms for digital storage and transmission of 2D and 3D images [11, 12] .
First, we will show how the holograms are multiplexed and then how the multiplexed hologram is processed in order to reconstruct all 100 amplitude and phase maps. Finally, these reconstructed images will be compared with those obtained by the original holograms, and the distortions caused by the Mux are evaluated.
The 100 holograms are acquired by means of a Mach-Zehnder interferometric microscope, superposition unit of which is shown in Fig. 1 . The laser wavelength is 532 nm, and the microscope objective (MO) has a focal length f = 9.0 mm. The CCD detector has 1280ϫ 1024 square pixel, the size of which is P CCD = 6.7 m. The specimen is an in vitro mouse preadipocyte 3T3-F442A cell. It has been monitored for 25 h to investigate its activities, and 100 holograms have been recorded with an acquisition rate of four frames/hour. Moreover, a reference hologram is acquired in a area of the sample far from the cell in order to calculate the phase retardation caused only by the cell subtracting the phase shift due to the culture medium.
The holograms are reconstructed through a Fresnel-Kirchoff integral [13] . To multiplex the holograms, each is reconstructed in the BFP of the MO. In fact, the complex wave field in the BFP is proportional to the FT F͑...͒ of the complex amplitude of the wave at an input plane, regardless of its distance d 0 from the lens according to the equation [14] 
where h d = exp͓i͑x 2 + y 2 ͒͑d 0 − f͒ / f 2 ͔ is a phase factor depending on d 0 while h l = ͑i / f͒exp͑−i4f / ͒.
In Fig. 2a the amplitude reconstruction of one hologram in the BFP, at the distance d f = 400 mm from the hologram plane, is shown. The value of the pixel of reconstruction PR f = d f / ͑NP CCD ͒, that is, the pixel size in the reconstruction plane, is 62 m and corresponds to ⌬f = d f / fNP CCD =13 mm −1 in the spatial frequency domain, where N is the number of CCD pixels [13] . The inset in Fig. 2a shows the FT amplitude of the same hologram. It is clear that only few holograms could be multiplexed in the Fourier plane, because of size of the hologram FT. Then, we choose a mask to filter each hologram in the BFP. The small frame in Fig. 2a indicates the shape and the dimension of the used filtering window, 50ϫ 50 pixels around the carrier frequency of the object spectrum, whose position depends on such geometrical parameters as the angle between the reference and the object beams and on the reconstruction distance d. The transmittance of the mask is 1 within the frame and 0 outside.
Obviously, reducing the dimension of the filtering window will increase the number of holograms we can encode in a single hologram. On the other hand, the size of the filtering window should be larger than the object bandwidth in order to retain the spectral information. However, for a fixed object, the choice of a correct filtering window depends also on d f and f, since the value of ⌬f depends on their ratio. To properly multiplex the holograms in the BFP, we join together the filtered spectra shifting the carrier frequency of each hologram h m,n by a value s ជ = ͑mx ជ + ny ជ͒p where m and n are integers ranging from 1 to 10 and p is the size of the filtering window. The amplitude of the synthetic spectrum obtained in this way is shown in Fig. 2b . The hologram h 1,1 corresponds to the reference hologram. This complexvalue array contains the information about the phase and the amplitude of all 100 holograms; it has to be transmitted with the Mux key. In fact, the numerical de-Mux needs the precise knowledge of the frequencies of the spatial carrier waves of all the holograms. Therefore, the receiver can demultiplex the synthetic spectrum and reconstruct all holograms only knowing the Mux key. In the de-Mux process the hologram composed in the BFP is filtered by selecting one by one the single holograms that, then, are numerically reconstructed in the image plane by means of a twostep reconstruction algorithm. In the first step the wave field is reconstructed in the hologram plane, setting the reconstruction distance d =−d f , and then the in-focus amplitude and phase reconstruction in the image plane are obtained setting d = d i where d i is the distance between the hologram and the image plane (Fig. 1) .
We adopt the double-step reconstruction algorithm to make the pixel of reconstruction in the image plane independent from the distance d f and equal to PR i = d i / NP CCD , like in a standard Fresnel reconstruction process [15] . Therefore we can compare the reconstructions obtained by the proposed FDM technique to those one coming from the original holograms.
In Fig. 3 the amplitude and phase reconstructions of one hologram as acquired by the CCD (left) and after the Mux/de-Mux process (right) are shown. Comparing the two kind of reconstructions, the distortion caused by the filtering process is not evident. In Fig.  4 we have plotted the difference between the two phase reconstructions in order to evaluate the distortion. Then we calculated the mean value and the variance of the 2D distribution of this phase difference. The mean value is 0.068 rad with a variance of 1 ϫ 10 −3 rad, while the maximum value is 0.23 rad. Looking at Fig. 4 , it is clear that the maximum phase difference is on the cell border. This result is caused by the use of the filtering window that acts as a bandpass filter with limited bandwidth, cutting the high spatial frequencies owing to the edges.
In conclusion, we proposed an all-numerical Mux/ deMux technique for DHs recorded in the microscope configuration. We demonstrated that up to 100 DHs can be multiplexed and demultiplexed correctly using this method. The phase distortions caused by this procedure have been evaluated and are on average less than 0.07 rad. This technique could be useful to perform an efficient storage and/or fast transmission of DHs from the recording head to the display unit. 
